Abstract. We establish a connection between a generalization of KLR algebras, called quiver Schur algebras, and the cohomological Hall algebras of Kontsevich and Soibelman. More specifically, we realize quiver Schur algebras as algebras of multiplication and comultiplication operators on the CoHA, and reinterpret the shuffle description of the CoHA in terms of Demazure operators. We introduce "mixed quiver Schur algebras" associated to quivers with a contravariant involution, and show that they are related, in an analogous way, to the cohomological Hall modules defined by Young. We also obtain a geometric realization of the modified quiver Schur algebra, which appeared in a version of the Brundan-Kleshchev-Rouquier isomorphism for the affine q-Schur algebra due to Miemietz and Stroppel.
Introduction
The main goal of this paper is to establish a connection between two algebras, which, historically, appeared in very different mathematical contexts and were introduced with rather different motivations in mind, namely: quiver Schur algebras and cohomological Hall algebras.
Quiver Schur algebras are a generalization of Khovanov and Lauda's [25] and Rouquier's [31] quiver Hecke algebras, nowadays also known as KLR algebras. The latter can be described algebraically by generators and relations, or in terms of a certain diagrammatic calculus. However, the passage from KLR algebras to quiver Schur algebras is easiest to understand from a geometric point of view. Varagnolo and Vasserot [46] (and later Kang, Kashiwara and Park [22] , in a somewhat more general setting) constructed KLR algebras as extension algebras of a certain semisimple complex of constructible sheaves on the moduli stack of representations of a quiver. These extension algebras can also be described as convolution algebras in the equivariant Borel-Moore homology of a certain variety of triples, reminiscent of the classical Steinberg variety. The triples consist of a pair of full flags together with a compatible quiver representation. By incorporating partial flags into this construction, Stroppel and Webster [43] arrived at the definition of a quiver Schur algebra. Later, these algebras were studied from a more algebraic point of view in [28] .
One of the main motivations for introducing KLR algebras was to construct a categorification of quantum groups and their canonical bases. For results in this direction, we refer the reader to, e.g., [21, 25, 32, 46] . Quiver Schur algebras also play an important role in this context. For example, quiver Schur algebras associated to the cyclic quiver provide a categorification of the generic nilpotent Hall algebra [43, Proposition 2.12] , and their higher level versions categorify a higher level q-Fock space [43, Theorem C] .
The second protagonist of our story, the cohomological Hall algebra (CoHA), was introduced by Kontsevich and Soibelman [26] as a categorification of Donaldson-Thomas invariants of three dimensional Calabi-Yau categories. One of the primary original motivations for studying the CoHA was to provide a rigorous mathematical definition of the algebra of BPS states from string theory.
CoHAs and their generalizations have found numerous applications in representation theory, including a new proof of the Kac positivity conjecture [9] , as well as new realizations of the elliptic Hall algebra [38] and Yangians [10, 39, 50] .
In this paper we restrict ourselves to the relatively simple case of CoHAs associated to quivers with the trivial potential. For more information about this special case, including explicit examples, we refer the reader to, e.g., [12, 16, 30] . One of our main results, described in more detail below, says that the relations between algebra and coalgebra structures on the CoHA can be understood in terms of actions of quiver Schur algebras. It would be interesting to know whether one can associate KLR-type algebras to more general categories than those of quiver representations, and whether the connection between quiver Schur algebras and the CoHA described in this paper could be extended to such categories.
We also remark that similar connections arise in other settings. For example, Nakajima's original proposal [29, §7] for the mathematical definition of Coulomb branches in terms of the vanishing cycle associated to the Chern-Simons functional was inspired by Donaldson-Thomas theory. On the other hand, the ultimate definition of Coulomb branches from [2] involves a convolution algebra which can be viewed as an infinite dimensional example of Sauter's generalized quiver Hecke algebras from [33] (see [2, Remark 3.9 .4]).
Main results.
We will now describe our results in more detail. Given a quiver Q and a dimension vector c, we consider the space Q c of flagged representations of Q with dimension vector c, together with the forgetful map onto the space R c of unflagged representations. In contrast to KLR algebras, we allow arbitrary partial flags instead of full flags only. The quiver Schur algebra Z c is the equivariant Borel-Moore homology of the corresponding Steinberg-type variety Z c = H Gc * (Q c × Rc Q c ), equipped with the convolution product as in [7] . We remark that our construction differs slightly from the construction of Stroppel and Webster [43] -they impose the additional condition on the space Q c that each flagged quiver representation is nilpotent and its associated graded must be semisimple. To distinguish the two constructions, we refer to their convolution algebra Z SW c as the Stroppel-Webster quiver Schur algebra, and reserve the simpler name "quiver Schur algebra" for Z c .
Our first result deals with the basic structural properties of quiver Schur algebras. It is well known that KLR algebras are generated by certain distinguished elements, called idempotents, polynomials and crossings, and that they admit a PBW-type basis. We prove an analogous result for quiver Schur algebras, with crossings replaced by fundamental classes called (elementary) merges and splits (see Definition 3.4) . Theorem A (Theorem 3.25, Corollary 3.27). The following hold:
a) The quiver Schur algebra Z c has a "Bott-Samelson" basis consisting of pushforwards of fundamental classes of certain vector bundles on diagonal Bott-Samelson varieties. b) Elementary merges, elementary splits and polynomials generate Z c as an algebra.
The quiver Schur algebra Z c has a natural faithful representation Q c , called the "polynomial representation", on the direct sum of rings of partial invariants. We give an explicit description of this representation (Theorem 4.7) and interpret it in terms of Demazure operators (Proposition 4.9). In the special cases of the A 1 quiver (i.e., the quiver with one vertex and no arrows) and the Jordan quiver, we give a complete list of defining relations for the associated reduced quiver Schur algebra (see Theorems 4.14 and 4.17, as well as [41] ), which is defined as the subalgebra of Z c generated by merges and splits, without the polynomials. The reduced quiver Schur algebra of the A 1 quiver turns out to be related to the green web category from [6, 45] (see Corollary 4.16) , which arises naturally in the context of skew Howe duality.
Our next result establishes a connection between quiver Schur algebras and the CoHA associated to the same quiver Q. We first need to introduce some notation. Let Z = c Z c be the direct sum of all the quiver Schur algebras associated to Q (summing over all dimension vectors c) and let Q = c Q c be the direct sum of their polynomial representations. We call Z the total quiver Schur algebra. Let us now briefly recall a few facts about the CoHA. It is defined as the direct sum of equivariant cohomology groups
equipped with multiplication via a certain pullback-pushforward construction. The CoHA can also be endowed with a coalgebra structure. However, the natural coproduct on the CoHA (see [26, §2.9] ) is not compatible with the multiplication in the sense that H is not a bialgebra. This problem can be remedied at the cost of passing to a localization of H and working with a localized version of the natural coproduct (see [8] ). We do not pursue this approach here. Instead, we are interested in gaining a better understanding of the relations between the natural coalgebra and algebra structures on H. The following theorem shows that these relations are controlled by the total quiver Schur algebra Z. Theorem B (Theorem 6.6). The faithful polynomial representation Q of the total quiver Schur algebra Z can be naturally identified with the tensor algebra T (H + ) on the augmentation ideal H + of the CoHA. This identification induces an injective algebra homomorphism
sending elementary merges in Z to CoHA multiplication operators and elementary splits in Z to CoHA comultiplication operators.
The CoHA admits a description as a shuffle algebra [26, Theorem 2] in the sense of Feigin and Odesskii [15] . We interpret this description in terms of Demazure operators (Proposition 6.8), connecting it to our description of the polynomial representation Q of the quiver Schur algebra Z. We expect that the relationship between shuffle algebras and Demazure operators carries over to more general settings. For example, we expect that multiplication in the formal version of the CoHA, defined by Yang and Zhao [49] for any equivariant oriented Borel-Moore homology theory, can be rephrased in terms of the formal Demazure operators from [20] .
1.2. Geometric realization of the modified quiver Schur algebra. One of the exciting features of KLR algebras (associated to finite and affine type A quivers) is that, after passing to suitable completions or cyclotomic quotients, they are isomorphic to affine Hecke algebras [5, 31] , and endow the latter with interesting gradings. This isomorphism, known in the literature as the Brundan-Kleshchev-Rouquier isomorphism, was later generalized to Schur algebras in [27, 28, 43] (see also [48] ).
The main result of [28] says that the convolution algebra Z SW c from [43] is, after completion, isomorphic to the affine q-Schur algebra appearing naturally in the representation theory of p-adic general linear groups. The proof of this result relies on the fact that both of these algebras are isomorphic to a certain intermediate algebra Z
M S c
, called the modified quiver Schur algebra, which is defined in purely algebraic terms. We show that the modified quiver Schur algebra also admits a geometric realization as a convolution algebra. Theorem C (Theorem 4.10). There is a natural algebra isomorphism Z c ∼ = Z M S c between our quiver Schur algebra Z c and the modified quiver Schur algebra Z
.
As an application, we deduce that our quiver Schur algebra Z c is also isomorphic to the StroppelWebster quiver Schur algebra Z SW c (Theorem 4.12).
1.3. Mixed quiver Schur algebras. As we have already mentioned, KLR and quiver Schur algebras can be realized as convolution algebras, or, equivalently, extension algebras of a certain semisimple complex of sheaves on the moduli stack of representations of a quiver. If the quiver admits a contravariant involution θ, this construction can be generalized by replacing the stack of representations of the quiver with the stack of its self-dual representations.
This idea was pursued by Varagnolo and Vasserot in [47] . They obtained generalized KLR algebras which are Morita equivalent to affine Hecke algebras of type B, and provide a categorification of highest weight modules over B θ (g Q ), the algebra introduced by Enomoto and Kashiwara [13, 14] in the context of symmetric crystals. The type D case is considered in [24, 42] .
Sauter [33, 34, 35] took the idea of generalizing KLR algebras further, and replaced the stack of self-dual representations of a quiver with the stack of generalized quiver representations in the sense of Derksen and Weyman [11] . In this generalization, the gauge group acting on the space of quiver representations is no longer a classical group, but an arbitrary reductive group.
We define a generalization of quiver Schur algebras which is close in spirit to the above-mentioned generalizations of KLR algebras. Given a quiver Q with a contravariant involution θ and an extra datum, called a duality structure (see Definition 5.1), we consider the stack of a certain type of self-dual representations of Q, introduced by Zubkov [53] under the name of supermixed quiver representations. We refer to the resulting Ext-algebra as the mixed quiver Schur algebra and denote it by θ Z c . The mixed quiver Schur algebra has similar structural properties to the ordinary quiver Schur algebra: it has a Bott-Samelson basis (Theorem 5.21) and is generated by elementary merges, elementary splits and polynomials (Corollary 5.22) .
The idea of replacing ordinary quiver representations by self-dual representations has also been exploited in the representation theory of Hall algebras (in the finite field setting) [51] and cohomological Hall algebras [52] by Young. In the finite field case, Young defined a "Hall module" over the Hall algebra of Q, and showed that it carries a natural action of the aforementioned Enomoto-Kashiwara algebra B θ (g Q ). In the cohomological case, he introduced a "cohomological Hall module" θ M over the cohomological Hall algebra H associated to the same quiver Q without the involution θ. The module θ M is defined as the direct sum of equivariant cohomology groups
of the spaces θ R c of self-dual quiver representations, equipped with an H-module structure via certain geometric correspondences. The module θ M also carries a natural H-comodule structure, but it fails to be a Hopf module. Our next result shows that the relations between multiplication and comultiplication in the CoHA, as well as its action and coaction on the cohomological Hall module, are controlled by the total mixed quiver Schur algebra
Theorem D (Theorem 6.12). There is an injective algebra homomorphism
sending elementary merges in θ Z to CoHA multiplication and action operators and elementary splits in θ Z to CoHA comultiplication and coaction operators.
As an application of Theorem D, we obtain an explicit description of the faithful polynomial representation of a mixed quiver Schur algebra (Theorem 6.15). Moreover, we reinterpret the description of the CoHM as a shuffle module [52, Theorem 3.3] in terms of Demazure operators of types A-D (Corollary 6.19).
Mixed quiver Schur algebras are also related to the Hall modules defined in the finite field setting. The direct sum θ Z-pmod of the categories of finitely generated graded projective modules over all the mixed quiver Schur algebras carries a natural action of the monoidal category Z-pmod, and its Grothendieck group K 0 ( θ Z) is a module as well as a comodule over K 0 (Z) (Proposition 5.25). We expect that, via the standard technique of sending the class of a semisimple perverse sheaf to the function given by the super-trace of the Frobenius on its stalks (see, e.g., [37] ), K 0 (Z) can be identified with a subalgebra of the Hall algebra of Q. For example, in the special case of a Dynkin or cyclic quiver, K 0 (Z) op is naturally isomorphic to the generic nilpotent Hall algebra (Proposition 5.23). We also expect that K 0 ( θ Z) can be identified with a subspace of the Hall module associated to the category of self-dual representations of Q, and that K 0 ( θ Z) is a semisimple module over the Enomoto-Kashiwara algebra B θ (g Q ).
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Preliminaries
In this section we introduce notation and basic definitions which will be used throughout the paper. We begin by setting up the notation for quivers and associated combinatorial objects such as dimension vectors and their compositions. We then recall the definitions of some geometric objects associated to quivers, such as quiver flag varieties and the corresponding Steinberg-type varieties. We finish by recalling a few facts about equivariant cohomology and convolution algebras.
2.1. Quivers and associated combinatorics. Let us fix for the rest of this section a quiver Q with a finite set of vertices Q 0 and a finite set of arrows Q 1 . In particular, we allow multiple edges and edge loops.
If a ∈ Q 1 is an arrow, let s(a) be its source and t(a) its target. Let a ij denote the number of arrows from vertex i to j. Let Γ := Z ≥0 Q 0 denote the free commutative monoid of dimension vectors for Q and let Γ + := Γ\{0}. If c = i∈Q0 c(i) · i ∈ Γ, write |c| = i∈Q0 c(i) ∈ Z. Given a Q 0 -graded vector space V , let dim Q0 V ∈ Γ denote its Q 0 -graded dimension.
Let n be a positive integer. We say that β = (β 1 , . . . , β β ) ∈ (Z ≥1 ) β is a composition of n if j β j = n. Let Com(n) denote the set of compositions of n. Given β ∈ Com(n), letβ j = β 1 + . . . + β j for 1 ≤ j ≤ β , withβ 0 = 0. 
Given two vector compositions d a and e b,
We define a partial order on Com c by setting
If d e, we call d a refinement of e, and e a coarsening of d. Example 2.3. Consider the A 3 quiver
Next we assign some products of symmetric groups to the combinatorics developed above. Given a positive integer n and α ∈ Com(n), let Sym α = α j=1 Sym αj . Furthermore, set
We consider the groups W c and W d as Coxeter groups in the usual way. In particular, they are endowed with a length function and a Bruhat order. Let s j (i) (i ∈ Q 0 , 1 ≤ j ≤ c(i) − 1) be the standard generators of W c . Given e, f d c, let When W e is trivial, we abbreviate D 
The group G c acts naturally on R c by conjugation. Let T c be the standard maximal torus in G c , with fundamental weights ω j (i) (for i ∈ Q 0 , 1 ≤ j ≤ c(i)), and let B c be the standard Borel subgroup. Let R + c ⊂ R c be the associated (positive) root system. We identify the associated Weyl group with W c . Given w ∈ W c , let R c (w) = {α ∈ R + c | w(α) ∈ −R + c }. If α ∈ R c , let U α be the corresponding unipotent subgroup of G c , and set U w = α∈Rc(w) U α .
We call a sequence V • of Q 0 -graded subspaces
be the parabolic and Levi subgroups, respectively, associated to d, and let R 
for all a ∈ Q 1 and 1 ≤ j ≤ d .
Given d e and V • , a flag of type d, let V • | e denote its coarsening to a flag of type e. Let
be the space of flags of type d together with suitably compatible quiver representations. There is a canonical G c -equivariant isomorphism
where
be the canonical projections. The first one, τ d , is a vector bundle while the second one, π d , is a proper map. We abbreviate 
where the fibred product is taken with respect to π c . We call Z c the quiver Steinberg variety. Let Z 
We next define a relative position stratification on Z c . Consider the projection
remembering the flags and forgetting the quiver representation. Given
be the diagonal G c -orbit corresponding to w, and set
where u w stands for the Bruhat order. 
Proof. By the usual Bruhat decomposition, we have
Cohomology. Below we will always deal with complex algebraic varieties which are also smooth manifolds or admit closed embeddings into smooth manifolds. Let X be a complex algebraic variety with an action of a complex linear algebraic group G. We denote by EG the universal bundle and by BG the classifying space associated to G. The quotient
Chern class, i.e., the equivariant Euler class of the underlying real vector bundle. More information about equivariant homology and cohomology may be found in, e.g., [3, 4] .
We will now introduce notation for various equivariant cohomology groups. Define
is the first Chern class of the line bundle
For each d c, set
The canonical map BT c BP d induces an injective algebra homomorphism
whose image is Λ d . Given any d e, we use the homotopy equivalence Q d,e F d and the fact that (
We next introduce notation for various equivariant Borel-Moore homology groups. Set
Since the varieties Q d and Q c are smooth, Poincaré duality yields isomorphisms
2.5. Convolution. We recall the definition of the convolution product from [7] . Let G be a complex Lie group, X 1 , X 2 , X 3 be smooth complex G-manifolds, and let Z 12 ⊂ X 1 × X 2 and Z 23 ⊂ X 2 × X 3 be closed G-stable subsets. Let p ij : X 1 × X 2 × X 3 → X i × X j be the projection onto the i-th and j-th factors. Assume that the restriction of p 13 to Z 12 × X2 Z 23 is proper. Set
, where ∩ denotes the intersection pairing. We will often need to compute the convolution of fundamental classes in the following special case. Lemma 2.9. Assume that Z 12 ⊂ X 1 × X 2 and Z 23 ⊂ X 2 × X 3 are complex submanifolds. Further, suppose that either of the canonical projections Z 12 → X 2 ← Z 23 is a submersion, and that the map p 13 :
Proof. The submersion assumption implies that the intersection of p 
Let X be a smooth complex G-manifold, let Y be a possibly singular complex G-variety and let
The unit is given by [X ∆ ], the G-equivariant fundamental class of X diagonally embedded into Z. Next, let X 1 = X 2 = X and X 3 = {pt}.
Then convolution yields an action H
G • (Z) × H G • (X) → H G • (X), which makes H G • (X) into a left H G • (Z)-module.
Quiver Schur algebras
In this section we define the quiver Schur algebra Z c and construct a "Bott-Samelson basis" for Z c . We deduce that Z c is generated by certain special elements called merges, splits and polynomials.
3.1. The quiver Schur algebra. Fix c ∈ Γ. We apply the framework of §2.5 to the vector bundle X = Q c on the quiver flag variety F c , the space of quiver representations Y = R c and the projection π = π c . Then Z = Z c is the quiver Steinberg variety, and we obtain a convolution algebra structure on its Borel-Moore homology (6), Q c can be identified with the direct sum Λ c of rings of invariant polynomials. Definition 3.1. We call Z c the quiver Schur algebra associated to (Q, c), and Q c its polynomial representation. Remark 3.2. Our quiver Schur algebra can be seen as a modification of the quiver Schur algebra introduced by Stroppel and Webster in [43, §2.2]. There are two differences between our construction and theirs. Firstly, Stroppel and Webster only consider cyclic quivers with at least two vertices, while we work with arbitrary finite quivers. Secondly, we use the quiver Steinberg variety Z c while they use its strictly stable version Z s c . We will refer to the algebra from [43] as the "Stroppel-Webster quiver Schur algebra" and denote it by Z SW c .
The following standard result follows from the general theory of convolution algebras (see, e.g., [7, Proposition 8.6.35] ). Proposition 3.3. There are canonical isomorphisms
intertwining the convolution product with the Yoneda product, and the convolution action with the Yoneda action, respectively.
3.2.
Merges, splits and polynomials. We will now introduce notation and a diagrammatic calculus for certain special fundamental classes in Z c . We begin by observing that Z e c ⊂ Z c is a subalgebra and that there is an algebra isomorphism
For this reason, we refer to Z e c as "the polynomials" in Z c . Next, observe that the fundamental classes
] form a complete set of mutually orthogonal idempotents in Z c . The definition below introduces two other kinds of fundamental classes, which, following [43] , we call "merges" and "splits". Definition 3.4. Given d e c, we call
We say that a merge or split is
We will depict elementary merges and splits diagrammatically in the following way. To the elementary merge
we associate the diagram
and to the elementary split
The diagram on the LHS should be understood as shorthand notation for the full diagram on the RHS. Multiplication of elementary merges and splits is depicted through a vertical composition of diagrams. We always read diagrams from the bottom to the top. We call 
Elementary merges satisfy the following associativity relation:
Elementary splits satisfy the following coassociativity relation:
Proof. Part a) follows via an easy calculation from Lemma 2.9. Part b) follows immediately from part a).
3.3. Relation to KLR algebras. We would like to connect the quiver Schur algebra to the well known quiver Hecke (or KLR) algebra (associated to the same quiver Q), defined diagrammatically by Khovanov and Lauda [25] , and algebraically by Rouquier [31] . Let us recall its geometric construction and some generalizations. Define . The case when Q may contain edge loops was studied by Kang, Kashiwara and Park [22] . They showed that the convolution algebra Z KLR,s c gives a geometric realization of the generalized KLR algebra from [23] associated to a symmetrizable Borcherds-Cartan datum.
Let Q be an arbitrary quiver. The following proposition describes Z 
by (a straightforward generalization of) [46, Theorem 3.6 ].
3.4. The combinatorics of refinements. Our next goal is to construct a basis for the quiver Schur algebra which is natural both from algebraic and geometric points of view. Algebraically, the basis elements are certain products of merges, splits and polynomials. Geometrically, they will be realized as pushforwards of vector bundles on diagonal Bott-Samelson varieties. In §3.4 we develop the combinatorial tools needed to define the basis. We state the basis theorem in §3.5, and prove it in §3.6. 
Partitionings are related to vector compositions of c through functions
Next, let µ ∈ Par 4 c be given by
We let W c act on N c from the left and Sym n act on [1, n] from the right. This means that Sym n acts by permuting places rather than numbers. We get induced actions on Fun(N c , [1, n]), which preserve Par a) The function C is surjective and
c) The fibres of C are precisely the W c -orbits in Par c . Hence C induces a set isomorphism
Next, we define a binary operation on Par c . Definition 3.11. Given λ, µ ∈ Par c , let
We define a total order on the set S λ,µ by declaring that R k,l < R r,s if and only if r > k or r = k and l < s. We then define the ordered intersection λ µ = ν of partitionings λ and µ by setting
One can immediately see that ν is in fact a partitioning of c. The operation is not symmetric. However, the following holds. Lemma 3.12. Let λ, µ ∈ Par c . Then: a) λ µ and µ λ are of the same length and lie in the same orbit of Sym
Proof. Part a) follows immediately from the fact that the sets S λ,µ and S µ,λ are the same if we forget their orderings. Part b) is obvious. For part c), observe that if ν ∈ Par c then Stab
, where Stab Wc (ν −1 (r)) is the subgroup of W c fixing ν −1 (r) setwise. If
x ∈ W c stabilizes all the subsets λ −1 (k) and µ −1 (l) then x also stabilizes all their intersections R k,l . Hence it stabilizes λ µ. Conversely, note that S λ,µ is a partition of the set N c , which refines the partitions S λ,λ and S µ,µ . Hence, if x stabilizes all the sets R k,l in S λ,µ , then it must also stabilize all the preimages λ −1 (k) and µ −1 (l). Part d) is clear. We see that λ µ and µ λ are of the same length and differ only by a permutation. Again, we see that e and d are of the same length and differ only by a permutation. Lemma 3.18. Let λ = P (e) and µ = w · P (d) as in Definition 3.15. Then P ( e) = λ µ.
Proof. A partitioning ν is in the image of P if and only if for all 1 ≤ r ≤ ν − 1, i ∈ Q 0 and (x, i) ∈ ν −1 i (r), (y, i) ∈ ν −1 (r + 1), we have x < y. Since λ is in the image of P , and w is a shortest coset representative, λ µ satisfies this condition. Hence λ µ = P (f ) for some f ∈ Com c . But
Observe that e 2k = d. We call (e 0 , . . . , e 2k ) a crossing datum associated to ( e, d, u).
The following diagram illustrates the relationships between the different vector compositions in a crossing datum. Vector compositions in the same row (possibly except for e and d) are of the same length. 
Proof. We start by proving the first statement in part a). To simplify notation, we assume (without loss of generality) that Q 0 is a singleton. We divide the interval [1, c] into blocks (i.e. subintervals) of size e 1 , . . . , e n . Let B 1 , . . . , B n be the blocks. The permutation u acts by permuting these blocks.
Let us prove part b). We have the following chain of equalities
For the first equality, note that
Hence, switching the roles of e and d in Lemma 3.18, we get
After acting on both sides by w we get the first equality. The second equality follows directly from the definition of u, while the third equality follows from a repeated application of Lemma 3.10.f). The final equality holds 
where λ = P (e) and µ = w · P (d). The first equality follows from the fact that, by definition, e 0 = e = C(λ µ), and Lemma 3.10.d). The second equality follows from Lemma 3.18 while the third equality follows from Lemma 3.12.c) and Lemma 3.10.d).
We have so far treated the ordered intersection operation on partitionings as a combinatorial device. However, as indicated in Lemma 3.8, partitionings also have a geometric meaning since they correspond to coordinate flags in V c . Based on this observation, we will extend the operation to all flags in F c .
We put a total order on the set S F,F by declaring that R i,j < R r,s if and only if r > i or r = i and j < s. We then define the ordered intersection F F of flags F and F by setting (F F ) m to be the m-th element of S F,F with respect to the total order defined above, and deleting all the repeated occurrences of subspaces.
It is clear that F F is a flag in F c . Moreover, if (F, F ) ∈ O ∆ w then F F ∈ F e . Lemma 3.23. Let ρ ∈ R c . If F ∈ F e and F ∈ F d are ρ-stable, then so are F F and F F .
Proof. Since F and F are ρ-stable, each intersection R i,j = F i ∩F j is preserved by ρ, which implies that F F and F F are also ρ-stable.
Basis and generators.
In this section we state a basis theorem for the quiver Schur algebra and use it to find a convenient generating set for our algebra. Proof. This follows directly from Theorem 3.25 and Proposition 3.5.
3.6. Proof of the basis theorem. We begin by proving four technical lemmas. Set O w := P e wP d /P d . Consider the following parabolic analogue of the Bott-Samelson variety:
BS e,d,w := P e × P e 0 P e 1 × P e 2 . . . × P e 2k−2 P e 2k−1 × P e 2k P d /P d .
We have a commutative diagram
where m is the multiplication map and φ is the induced map. Lemma 3.28. The map φ is proper, its image equals O w , and it restricts to an isomorphism over O w .
Proof. The proof is similar to the proof for the usual Bott-Samelson resolution, where the parabolics P e and P d are replaced with a Borel subgroup. Since we could not find an explicit reference, and since the proof relies on the combinatorics from §3.4, we sketch it below. It is clear that can 1 and can 2 are proper. The multiplication map (G c ) k+2 → G c is proper and hence its restriction to the closed submanifold P e × P e 1 × . . . × P e 2k−1 × P d is proper as well. Since can 1 is a locally trivial fibration, and properness is a local property, it follows that φ is proper, as required. This proves the first statement in the lemma.
By the Bruhat decomposition, we have
B c xP e 2l . B c xP e 2l+2 .
Proposition 3.21.a) implies that
P e 2l−1 · P e 2l+1 =
By induction and Proposition 3.21.b), we get
This implies that the image of can 2 • m is O w . Since can 1 is surjective, this is also the image of φ. This proves the second statement of the lemma. Next, we claim that
Let us first show that the union on the RHS of (15) (15) .
Given y ∈ D e e 0 , let U y := U y −1 y ×U w
U y and U = can 1 ( U ).
It is easy to check that m maps U y isomorphically onto U (yw) −1 yw. It is also well known that the map
is an isomorphism. Hence can 2 • m maps U isomorphically onto O w . By the commutativity of the diagram (13), φ| U is also an isomorphism onto O w . An easy argument again based on the Bruhat decomposition also shows that U = φ −1 (O w ). This completes the proof of the lemma. Proof. It is easy to check that p is a locally trivial fibration with fibre BS e,d,w . Let F e = p −1 (eP e /P e ). Lemma 3.28 implies that ψ| Fe is proper, ψ(F e ) = {(eP e /P e , x) | x ∈ O w } and that the restriction of ψ to F e ∩ ψ −1 (O ∆ w ) is an isomorphism onto {(eP e /P e , x) | x ∈ O w }. The lemma now follows from the fact that ψ is G c -equivariant.
Next consider the following iterated fibre product
The closed points of BS ∆ e,d,w correspond to sequences of flags F 0 , F 2 , . . . , F 2k (satisfying appropriate conditions) together with a quiver representation ρ with respect to which each flag is stable.
This implies that ψ lifts to a map ψ : BS
where π e,d is the map forgetting the quiver representation. 
,w and so ψ is surjective. This clearly implies that ψ is an isomorphism.
We have the following Cartesian diagram.
→ Q e 2k be the canonical map.
Proof. The first part of the lemma follows directly from Lemma 2.9 and the fact that For the second part, we have
where the second equality follows by proper base change. It now suffices to check that q *
, which itself is an affine bundle over
) is a homotopy equivalence. Hence the map
)] is an isomorphism, and sends the basis B(
We are now ready to prove Theorem 3.25. 
Since, by equivariant formality, the H
) is free, the short exact sequence splits. Arguing by induction on the refined Bruhat order, we conclude that 
The polynomial representation
In this section we compute the polynomial representation of the quiver Schur algebra Z c , and use it to show that Z c gives a geometric realization of the "modified quiver Schur algebra" from [28] , thereby connecting Z c to the affine q-Schur algebra. We also give a complete list of relations for the quiver Schur algebra associated to the A 1 and Jordan quivers.
4.1.
T c -equivariant cohomology and localization. We first recall some facts about T c -equivariant cohomology of flag varieties. By [44, Theorem 3] , there is a ring isomorphism
, where γ 1 is the projection of F d onto a point and γ 2 is the canonical map (
) (we substitute variables y j (i) for x j (i)). Definition 4.1. For d e, we define the following polynomials in Λ d :
Note that S d is indeed W d -invariant and S e d is a polynomial. Explicit examples of these polynomials for specific quivers and dimension vectors can be found in [28, §8] .
It is well known that the fixed points F a) The T c -equivariant cohomology of F d is equal to the quotient
where I is the ideal generated by p( y) − p( x) as p ranges over all W c -invariant polynomials of positive degree.
c) The T c -equivariant Euler class of the normal bundle to the fixed point w is given by
Proof. See, e.g., [44, Theorem 11] .
Next, we recall the localization theorem for equivariant cohomology (see, e.g., [3] ). Let K c denote the fraction field of P c = H
• (BT c ).
Theorem 4.3. Let X be a smooth quasi-projective T c -variety and let Y be the set of connected components of the fixed point set X Tc . Suppose that Y is finite. Then the maps
are isomorphisms and We will now calculate the action of the generators of the quiver Schur algebra on its polynomial representation. As preperation, we first compute the Euler classes of certain normal bundles. Definition 4.5. For d e c, we define the following polynomials in Λ d :
where a ij is the number of arrows from vertex i to j.
It is easy to see that 
where V l (j) is the line bundle from (4) . By definition, the T c -equivariant Euler class of the bundle on the RHS equals E d . Since Euler classes commute with pullbacks, it follows that
We also need the following "shuffle operator" a) The action of
b) The action of Q e , which factors as follows
We first compute ι * . By [7, Corollary 2.6 .44], we have
It now follows from Lemma 4.6 that
We will next compute q * h, where h := E e d f . Since Q d,e = F d × Fe Q e , calculating the pushforward q * reduces to calculating the pushforward alongq : F d → F e . By Theorems 4.2 and 4.3, we have
On the other hand, Theorem 4.2 implies that
Hence
Combining (22) with (23) yields the first part of the theorem. An argument analogous to the one at the beginning of the proof shows that d e | Λ b = 0 unless b = e, and that convolving d e with a function f ∈ Λ e is the same as taking the pullback with respect to (21) . A calculation using the localization theorem, similar to the one above, shows that q * is given by the inclusion of the invariants Λ e → Λ d , while the second pullback ι * is just an isomorphism. This yields the second part of the theorem. The third part is standard -see, e.g., [7, Example 2.7.10(i)].
We will now relate the action of the merges to Demazure operators. 4.3. Application: geometric realization of the modified quiver Schur algebra. We now deduce some consequences from Theorem 4.7 in the special case when Q is the cyclic quiver with at least two vertices or the infinite (in both directions) linear quiver A ∞ , connecting our quiver Schur algebra Z c to exisiting constructions. Miemietz and Stroppel introduced in [28, Definition 8.4] a modified quiver Schur algebra. Let us denote it by Z M S c (in [28] the notation C i is used). It is defined, purely algebraically, as the subalgebra of End C (Λ c ) generated by certain linear operators, called idempotents, polynomials, splits and merges. These operators are defined by explicit formulas. We will refer to them as "algebraic", in order to distinguish them from the fundamental classes in Definition 3.4.
We must first deal with a minor technical issue. The algebraic merges are defined using "reversed Euler classes", denoted in [28] by E u J , and "symmetrisers", denoted by S u J (see [28, (8. 1-2)] ). Both of them are given by certain product formulas. We define sign-corrected algebraic merges to be the operators obtained by multiplying E u J and S u J by −1 if number of factors in the corresponding product is odd.
The main result of [28] says that the geometrically defined Stroppel-Webster quiver Schur algebra Z SW c is, after completion, isomorphic to the affine q-Schur algebra [18] , which naturally appears in the representation theory of p-adic general linear groups. The proof of this result relies on the fact that both of these algebras are isomorphic to the modified quiver Schur algebra Z
M S c
. The following theorem shows that Z M S c also admits a geometric realization as a convolution algebra, and that this realization is afforded by our quiver Schur algebra Z c . Theorem 4.10. There is an algebra isomorphism Z c ∼ = Z Proof. The definition of the modified quiver Schur algebra Z
, together with Theorem 4.10, generalize straightforwardly to arbitrary quivers. We also observe that the proofs of [28, Propositions 9.4, 9.6] do not depend on the choice of cyclic quiver, and hence generalize to arbitrary quivers, yielding the desired isomorphism.
4.4.
Examples: the A 1 and Jordan quivers. In this subsection we discuss the examples of the A 1 quiver (i.e. one vertex with no arrows) and the Jordan quiver. It is well known (see, e.g., [25, 31, 35] ) that the corresponding KLR algebras are isomorphic to the affine Nil-Hecke algebra and the degenerate affine Hecke algebra, respectively. While it is quite hard to give a presentation by generators and relations for the entire quiver Schur algebra, even for the A 1 and the Jordan quiver, we are able to give a complete list of relations for the following subalgebra. Definition 4.13. Let Z c be the subalgebra of Z c generated by all merges and splits. We call it the reduced quiver Schur algebra.
We first consider the case where Q is the A 1 quiver. Let d e c. Note that since the quiver has only one vertex, c is just a positive integer and d and e are compositions of this integer. Since the quiver has no arrows, E 
We will now give a complete list of defining relations in the reduced quiver Schur algebra. We call
the hole removal relation, and
the ladder relation. Theorem 4.14. The reduced quiver Schur algebra Z c associated to the A 1 quiver is generated by elementary merges and splits, subject to the relations (R1), (R2), (R3) and (R4).
A detailed proof of Theorem 4.14 can be found in [41] . Below we will sketch the main ideas of the proof. We first need to recall some material about the green web category ∞-Web g from [45] . We remark that ∞-Web g is defined in [45] as a C(q)-linear category. For our purposes, however, it is enough to work with the C-linear category obtained by setting q = 1.
Consider the filtered algebra
Let I Cc be the kernel of the canonical map Mor(C Proof of Theorem 4.14. Firstly, we need to check that the relations (R1)-(R4) hold in Z c . By Proposition 3.5, the relations (R1) and (R2) hold in any quiver Schur algebra (associated to any quiver). Relations (R3) and (R4) follow easily from the properties of Demazure operators.
Secondly, we need to check that the relations (R1)-(R4) generate all the relations in Z c . Let Z c be the quotient of the free algebra f Z c , generated by elementary merges and splits, by the ideal I c generated by the relations (R1)-(R4) so that we have a short exact sequence
It follows from the definitions that gr Mor(C
One also easily sees that after taking the associated graded the relations (2-6)-(2-8) from [45] become the relations (R1)-(R4). Hence I c ∼ = gr I Cc . Comparing (25) with (26) now implies that Z c ∼ = gr Mor(C c ). Next, [45, Theorem 3.20] implies that there is a vector space isomorphism Hom
where the second equality can be deduced from Schur-Weyl duality and the last equality follows from Theorem 3.25. We conclude that the natural map Z c Z c is an isomorphism.
Let us record the following corollary of the proof of Theorem 4.14. Corollary 4.16. If Q is the A 1 quiver, then there is an algebra isomorphism Z c ∼ = gr Mor(C c ).
Next suppose that Q is the Jordan quiver. We can interpret merges as symmetrization operators between rings of invariants. Indeed, S 
We will now describe the relations in the reduced quiver Schur algebra. We use the following modification of (R3) (with e = ∧ k (d)):
Theorem 4.17. The following hold:
a) The reduced quiver Schur algebra algebra Z c associated to the Jordan quiver is generated by elementary merges and splits, subject to the relations (R1), (R2), (R3') and (R4). b) The algebra Z c is isomorphic to the convolution algebra (P,P ) C[P\G c /P ] of complex valued functions on double cosets, where (P, P ) runs over all pairs of standard parabolic subgroups of G c .
Proof. The fact that the relations (R3') and (R4) hold in Z c follows easily from the properties of symmetrization operators. One can define a filtration on Z c analogous to the filtration on Mor(C c ). It is clear that gr Z c ∼ = gr Mor(C c ). Hence one can use the same argument as in the proof of Theorem 4.14 to show that (R1), (R2), (R3') and (R4) generate all the relations. This proves the first statement of the theorem. The second statement follows from the description of Z c as the algebra of symmetrization operators in (27).
Mixed quiver Schur algebras
In this section we define and study a generalization of quiver Schur algebras, depending on a quiver together with a contravariant involution and a duality structure. We call these new algebras mixed quiver Schur algebras. From a geometric point of view, our generalization arises by replacing the stack of representations of a quiver with the stack of its supermixed representations in the sense of Zubkov [53] . 5.1. Involutions and duality structures. We begin by recalling the notion of a contravariant involution and a duality structure. These ideas, in the context of quiver representations, were first studied in [11, 53] . We use the formulation from [52] . Definition 5.1. A (contravariant) involution of a quiver Q is a pair of involutions θ : Q 0 → Q 0 and θ : Q 1 → Q 1 such that: a) s(θ(a)) = θ(t(a)) and t(θ(a)) = θ(s(a)) for all a ∈ Q 1 , b) if t(a) = θ(s(a)) then a = θ(a). A duality structure on (Q, θ) is a pair of functions σ : Q 0 → {±1} and ς : Q 1 → {±1} such that σ(θ(i)) = σ(i) for all i ∈ Q 0 and ς(a) · ς(θ(a)) = σ(s(a)) · σ(t(a)) for all a ∈ Q 1 . Example 5.2. Let n ≥ 1 and suppose that Q is the A n quiver
There is a unique involution θ on Q. We have θ(i k ) = i n−k+1 for 1 ≤ k ≤ n and θ(a l ) = a n−l for 1 ≤ l ≤ n − 1. If n is even then Q For the rest of this section let us fix a quiver Q together with an involution θ and a duality structure (σ, ς). We will now introduce some combinatorics necessary to describe isotropic flag varieties. Let us fix partitions
such that θ(Q 
In analogy to Definition 2.2, we define a partial order on θ Com c by setting 
There is a vector space isomorphism
where Bil (V c (s(a))) is the vector space of symmetric ( = 1) or skew-symmetric ( = −1) bilinear forms on V c (s(a)). Definition 5.7. Let θ G c be the subgroup of G c which preserves the bilinear form ·, · . We have and to the elementary split
the vertically reflected diagram.
If k = d , we associate to the elementary merge
We have the following analogue of Proposition 3.5, which also follows directly from Lemma 2.9. Proposition 5.16. We list several basic relations which hold in θ Z c .
a) Let d e f − c. Merges and splits satisfy the following transitivity relations:
Elementary merges satisfy the relations (R1) and the following new relation
Elementary splits satisfy the relations (R2) and the following new relation
5.4. Basis and generators. We want to construct a basis for θ Z c analogous to the Bott-Samelson basis of Z c from Theorem 3.25. We begin by adapting the combinatorics of refinements (see §3.4) to the present setting.
Let θ : N c → N c be the involution defined by
If λ ∈ Par n c , we say that λ is an isotropic partitioning of c of length 
and u ∈ Z 2 Symθ λ µ is the unique permutation sending λ µ to µ λ. We also choose a reduced expression u = s j k · . . . · s j1 and define the associated crossing datum (e 0 , . . . , e 2k ) in the same way as in Definition 3.19. Example 5.19. Let Q by a quiver such that Q 0 is a singleton. Then there is a unique involution on Q. Let c = 14 and choose any duality structure on Q. We identify 7 + k = −k for 1 ≤ k ≤ 7 so that N c = {±1, . . . , ±7}. Let s 7 ∈ θ W c = Z 2 Sym 7 be the element swapping 7 and −7. Suppose that e = (3, 2, 4 5.5. Monoidal structure and categorification. We now consider the relationship between the categories of modules over θ Z c and Z c . In this subsection we view θ Z c and Z c as graded algebras, with the gradings imported from the gradings on the corresponding Ext-algebras via the isomorphisms (8) and (29) . We begin by recalling the monoidal structure on the direct sum Z-pmod of the categories of finitely generated graded projective modules over quiver Schur algebras Z c for all dimension vectors c ∈ Γ. We then show that the monoidal category Z-pmod acts on the corresponding category θ Z-pmod of modules over the algebras θ Z c . Passing to Grothendieck groups, we obtain a K 0 (Z)-module and -comodule structure on K 0 ( θ Z), which we relate to the Hall module of the category of self-dual representations of the quiver Q introduced by Young in [51] .
One can easily show (as in, e.g., [43, §2.4] or [25, §2.6] ) that there are canonical (non-unital) injective graded ring homomorphisms i c,c : Z c ⊗ Z c → Z c+c ,
for all c, c ∈ Γ, induced by inclusions of the corresponding polynomial representations
Diagrammatically, these inclusions are depicted by a horizontal composition of diagrams. They define an associative algebra structure on the direct sums Z = c∈Γ Z c and Q = c∈Γ Q c , which Let θ Z-pmod be the direct sum of categories θ Z-pmod = c∈Γ θ θ Z c -pmod and let K 0 ( θ Z) = K 0 ( θ Z-pmod) be its Grothendieck group. The following proposition, whose proof is standard, summarizes the relation between the categories Z-pmod and θ Z-pmod.
Proposition 5.25. The following hold.
a) The monoidal category Z-pmod acts (see, e.g., [19] ) on θ Z-pmod via
for M ∈ Z a -pmod and N ∈ θ Z b -pmod. b) The functors (34) induce maps
which turn K 0 ( θ Z) into a Γ θ -graded K 0 (Z)-module and -comodule.
Remark 5.26. In [51] , Young defined a Hall module associated to the category of self-dual representations of a quiver with an involution. The Hall module is a module as well as a comodule over the Hall algebra associated to the same quiver. We expect that, for a general quiver Q with an involution θ, K 0 (Z) is isomorphic to a subalgebra of the Hall algebra of Q and K 0 ( θ Z) is isomorphic to a subspace of the Hall module of (Q, θ) stable under the action and coaction of K 0 (Z). Since K 0 (Z) contains the composition subalgebra associated to Q, [51, Theorem 3.5] implies that K 0 ( θ Z) is also a module over B θ (g Q ), the algebra introduced by Enomoto and Kashiwara [13, 14] in the context of symmetric crystals. The KLR analogue of K 0 ( θ Z) was studied by Varagnolo and Vasserot [47] , who showed that it is isomorphic to a certain highest weight module over B θ (g Q ).
Connection to cohomological Hall algebras
In this section we relate quiver Schur algebras to the cohomological Hall algebra (CoHA) of a quiver Q (without potential) introduced by Kontsevich and Soibelman [26] . More specifically, we interpret merges and splits as iterated multiplication and comultiplication in the CoHA. This gives an action of quiver Schur algebras on the tensor algebra of the CoHA, which we identify with the direct sum of the polynomial representations of all the quiver Schur algebras associated to Q. In the case of a quiver endowed with an involution and a duality structure, we relate mixed quiver Schur algebras to the cohomological Hall module (CoHM) introduced by Young [52] , realizing merges and splits as action and coaction operators. An algebraic manifestation of these connections is a new interpretation of the shuffle description of the CoHA and the CoHM in terms of Demazure operators.
6.1. The cohomological Hall algebra. We start by recalling the definition of the CoHA from [26, §2.2] . Let Q be a finite quiver. Given c ∈ Γ and d c, set
The Künneth map and the homotopy equivalences R d j R dj and P d L d yield canonical isomorphisms 
We abbreviate m H, m) is indeed an associative algebra. The operation com also makes H into a coassociative coalgebra. However, the multiplication and comultiplication are in general not compatible, i.e., (H, m, com) is not a bialgebra.
In light of Definition 6.2, the operators (36) can be viewed as multifactor versions of multiplication and comultiplication in H. Definition 6.3. Let T(H) := T (H + ) be the tensor algebra of H + := c∈Γ+ H c . We regard it as a Γ-graded vector space in the following way:
We consider m 6.2. The CoHA and quiver Schur algebras. We will now explain the connection between the cohomological Hall algebra H and quiver Schur algebras associated to the same quiver Q. Lemma 6.4. For each c ∈ Γ, there is a vector space isomorphism 
